Abstract. We review the supergravity derivation of some non-perturbatively generated effective superpotentials for N = 1 gauge theories. Specifically, we derive the Veneziano-Yankielowicz superpotential for pure N = 1 Super Yang-Mills theory from the warped deformed conifold solution, and the Affleck-Dine-Seiberg superpotential for N = 1 SQCD from a solution describing fractional D3-branes on a C 3 /Z 2 × Z 2 orbifold.
Introduction and outlook
The gauge/string theory correspondence, originally formulated for superconformal N = 4 Super Yang-Mills (SYM) theory, has in recent years been proven useful to yield relevant information on less supersymmetric and non conformal gauge theories too (see for instance [1] and references therein).
In order to build geometries dual to such more "realistic" gauge theories, one usually has to follow a two-step procedure:
(i) reduce supersymmetry by choosing an appropriate closed string background, such as an orbifold or a Calabi-Yau manifold, known to break a certain amount of supersymmetry;
(ii) break conformal invariance by engineering suitable D-brane configurations (thus acting on the open string channel) with non-trivial world-volume topology.
By following the above strategy, several string backgrounds were found, realizing for instance four-dimensional N = 1 and N = 2 SYM, such as configurations of fractional D3-branes on orbifolds and on the conifold, and of D5-branes wrapped on two-cycles inside Calabi-Yau manifolds.
In all these cases, low energy supergravity solutions describing the D-brane configurations have been used to succesfully extract some relevant pieces of information on the dual gauge theories, such as for instance: N = 1 gauge superpotentials from supergravity 2
• at the perturbative level, the running coupling constant, the chiral anomaly and the moduli space of the gauge theory;
• at the non-perturbative level, the action of an instanton, realizations of chiral symmetry breaking and gaugino condensation, effective superpotentials and the tension of confining strings.
Here we concentrate on showing how it is possible to extract some nonperturbatively generated effective superpotentials for N = 1 gauge theories starting from supergravity solutions and some geometric considerations.
A fundamental fact we will use is that N = 1 gauge theories can be realized in the framework of "geometric transitions" [2, 3, 4] , where one engineers them via configurations of D5-branes wrapped on two-cycles of resolved Calabi-Yau manifolds. The resulting geometry then flows to the one of a deformed manifold, where branes are replaced by fluxes.
In this context, the effective superpotential of the gauge theory is given in terms of the fluxes of the geometry by the following expression [5, 3] :
where G 3 = dC 2 + (C 0 + i e −Φ ) dB 2 is the complex three-form field strength of type IIB supergravity, Ω is the holomorphic (3, 0)-form of the Calabi-Yau manifold, and A i and B i (which are respectively compact and non-compact) form a standard basis of orthogonal three-cycles on the manifold.
VY superpotential from the conifold
Let us start from the prototype example of the geometric transition framework, the conifold (a cone over the Einstein manifold T 1,1 ), which is a singular non-compact Calabi-Yau threefold described by the equation F (x, y, z, t) = 0 in C 4 , where:
In order to engineer pure N = 1 SU(N) SYM, we put N fractional D3-branes at the tip of the cone (these fractional branes have the interpretation of D5-branes wrapped on the two-cycle of the resolved manifold in the limit where its size shrinks to zero). The geometric transition brings us to the deformed conifold, which is a smooth manifold defined by replacing (2) with:
where ε is a real positive deformation parameter. The fractional branes are replaced by the flux of G 3 through the newly blown-up compact three-cycle A and through the non-compact three-cycle B, as shown in figure 1 . The corresponding supergravity solution is the warped deformed conifold [6] . Since we are going to use the solution for computing the fluxes needed in (1), we only need the expressions of F 3 = dC 2 and B 2 from [6] :
where g i are appropriate one-forms defined on the deformed conifold and where:
are functions of a dimensionless radial variable τ . Let us consider the large τ limit, where we define a new radial coordinate r such that τ ∼ 3 ln(r/r 0 ), r 0 being a regulator at short distances. In terms of r, the metric explicitly becomes the one of a cone over T 1,1 , and we have [7] :
From (6), we can compute the fluxes of G 3 through the cycles A and B defined by:
A :
Using the fact that
2 and B dr ∧ g 3 ∧ g 4 = 8π dr, we get:
where we had to introduce a cut-off r c in order to perform the integration over r. Now we need to compute the periods of the holomorphic (3, 0)-form:
The computation (see for example [4] ) reduces to the one of the one-dimensional integral dx √ ε 2 − x 2 , where the extrema of integration are given by x ∈ [−ε, ε] for the A-cycle, and by x ∈ [ε, r is due to the fact that the coordinates in (3), as well as ε, have dimensions of the 3/2 power of a length, as can be seen from the full metric in [6] . The periods of Ω then read:
and we can expand the B-period for large r c , getting:
We can now substitute the results (8), (10), (11) inside the formula (1), obtaining the following expression for the effective gauge superpotential in terms of supergravity quantities:
We still have to express (12) in terms of gauge theory quantities. This can be done by implementing the "stretched string" energy/radius relations:
where µ is the subtraction scale of the gauge theory, Λ is the dynamical scale, and ε 2 is naturally identified, due to its engineering dimensions, with the gaugino condensate S of the dual gauge theory.
Reinstating the correct units in (12) , neglecting the unimportant term independent of S and using the above energy/radius relations, we finally get the following answer (first derived in this setup in [4, 8] ) for the effective superpotential:
This is the well-known Veneziano-Yankielowicz superpotential for pure N = 1 SYM [9] . We have therefore seen that supergravity, together with some geometric considerations, is able to give us the correct answer for the non-perturbatively generated effective superpotential of the dual gauge theory. ‡
SQCD moduli space and ADS superpotential from fractional branes
We now want to engineer SQCD, namely an N = 1 gauge theory with fundamental matter. To achieve this goal, let us consider a system of fractional D3-branes transverse to a C 3 /Z 2 × Z 2 orbifold [11] . This orbifold, which breaks bulk supersymmetry ‡ Notice that, in the computation of the superpotential, we could use the full expression in (10) of the B-period of Ω instead of its large r c expression (11) . Doing so would result in corrections to the superpotential which look like fractional instanton contributions, analogous to the ones found for the running coupling constant of pure N = 1 SYM in [10] . down to eight supercharges, is defined by the action on the complex coordinates z k = x 2k+2 + i x 2k+3 of the generators of the two Z 2 factors:
Fractional branes are the most elementary brane objects on orbifolds [12] . They are defined by the fact that the Chan-Paton factors of the string attached to them transform in irreducible representations of the orbifold group. Since C 3 /Z 2 × Z 2 has four irreducible one-dimensional representations, we will have four different types of fractional branes, that we denote with A, B, C, D. They are charged under the open string twisted sectors, and they are stuck at the orbifold fixed point z i = 0.
The low-energy theory living on a generic system of fractional D3-branes of all types is a four-dimensional N = 1 gauge theory with gauge group U(N A ) × U(N B ) × U(N C ) × U(N D ) and twelve bifundamental chiral multiplets, whose quiver diagram is depicted in figure 2a . If we take N branes of type A and N f of type B (and no other branes, thus realizing the quiver diagram of figure 2b), and concentrate only on the lowenergy degrees of freedom living on the branes of type A, we see that we obtain N = 1 U(N) SQCD with N f fundamental flavours of "quarks" Q i and "antiquarks"Q [13] . In what follows, we will concentrate on the case N f < N, namely the Affleck-Dine-Seiberg theory [14] .
Let us first notice that the brane configuration under study encodes very naturally information about the classical moduli space of the gauge theory. The main observation is that the fractional branes of type A and B have the same charge under the sectors twisted by g 2 and g 3 = g 1 g 2 , but opposite charge under the sector twisted by g 1 . This means that a superposition A+B is only charged under this latter twisted sector, and is therefore no longer constrained to stay at the orbifold fixed point. Rather, it can freely move in the z 1 plane (provided of course that we introduce brane images on the covering space in order to make the configuration invariant under the orbifold action).
This fact gives a natural geometrical meaning to the moduli space of N = 1 SQCD for N f < N, as shown in figure 3a . In fact, we can form N f A+B superpositions, and N = 1 gauge superpotentials from supergravity We would now like to pass to the computation of the non-perturbative effective superpotential. The (singular) supergravity solution describing fractional D3-branes on C 3 /Z 2 × Z 2 was found in [15] . Again, we only need the explicit expression of G 3 , which in the case of the configuration depicted in figure 3b is:
where ω i , i = 1, 2, 3, are the anti-self dual (1, 1)-forms dual to the shrinking 2-cycles C i of the orbifold geometry and:
In order to use (1), we need to identify the appropriate three-cycles A i and B i in our orbifold geometry. We can introduce them by simply taking the direct product of the two-cycles C i with suitable one-cycles on the z i planes. Specifically, we define:
where the compact cycles α i and the non-compact cycles β i in the z i plane are orthogonal to each other and are shown in figure 3c . We now have all the necessary ingredients to compute the fluxes of
where, similarly to the case considered in the previous section, we have introduced long and short distance cut-offs r c and r 0 in order to perform the integration over the noncompact cycles B i . Notice also that we have expanded the result assuming r 0 ≪ r c ≪ ∆. N = 1 gauge superpotentials from supergravity 7 The next step is to compute the periods of the holomorphic (3, 0)-form Ω. The C 3 /Z 2 × Z 2 orbifold is defined by the equation F (x, y, z, t) = 0 in C 4 , where:
In order to de-singularize this space, we again introduce a positive deformation parameter ξ [13] , and replace (20) by:
In this deformed orbifold, the periods of
can be computed in a way analogous to the one followed in the previous section, and one gets:
By substituting (19) and (23) in (1), and implementing again the "stretched string" energy/radius relations, which now read:
we get the following result for the effective superpotential of N = 1 U(N) SQCD with N f < N fundamental flavours:
This is precisely the expected expression of the Taylor-Veneziano-Yankielowicz superpotential [16] . Minimizing with respect to S, we are finally left with the AffleckDine-Seiberg superpotential [14] :
Some final comments are in order. First, notice that our brane construction is valid also for N f = 0 and N f = N. In the former case, we recover again the VenezianoYankielowicz superpotential (14) , while in the latter case our result (25) correctly reproduces the quantum constraint det M = Λ 2N . On the other hand, for N f > N our construction breaks down, which is a signal that one should incorporate Seiberg duality [17] into the picture. An investigation of this issue in a related setup was performed in [18] with formal methods, but a full understanding in terms of a supergravity dual is still lacking.
